Both longitudinal and anomalous Hall conductivity are computed in the model of two-dimensional Dirac fermions with a mass in the presence of arbitrary correlated weak disorder. The anomalous Hall conductivity is shown to be highly sensitive to the correlation properties of the random potential, such as the correlation length, while it remains independent of the integral disorder strength. This property extends beyond the Dirac model making the anomalous Hall effect an interesting tool to probe disorder correlations.
I. INTRODUCTION
The anomalous Hall effect (AHE) is one of the most direct manifestations of spin-orbit interaction in magnetic conductors. The effect has been discovered as early as in 1881 by Edwin Hall who observed a transverse voltage in ferromagnetic iron as a reaction to electric current applied [1] . In that respect the AHE is completely analogous to the usual Hall effect but can be observed in much weaker magnetic fields that are only needed to magnetize the conductor [2] . A closely related phenomenon of the AHE in antiferromagnetic and paramagnetic systems has, however, received a widespread attention only recently [3] [4] [5] .
The interest to spin-orbit induced phenomena has increased dramatically following the discovery of topological insulators and Weyl semimetals [6] [7] [8] [9] [10] . Moreover, the on-going development in the fields of spintronics [11] [12] [13] [14] , cold atoms [15] [16] [17] , chiral superconductivity [18] [19] [20] [21] , and magnetization dynamics [22] [23] [24] [25] [26] call for deeper understanding of the microscopic mechanisms of spin-orbit assisted transport [27] [28] [29] . The detailed interpretation of the AHE measurements may provide valuable information regarding exchange and spin-orbit coupling that is of key importance for applications.
Despite long and rich history of the field [2] , it has been recently found by the authors [30, 31] that previous treatments of AHE were fundamentally incomplete. Indeed, in many models and materials the AHE conductivity is sub-leading in a large metal parameter ε F τ compared to the longitudinal conductivity (here ε F is the Fermi energy). This is reflected in the fact that the anomalous Hall conductivity does not depend on the electron scattering time τ and is of the order of intrinsic contribution which is manifestly disorder-independent. It appears, nevertheless, that the presence of impurities essentially modify the AHE including its sign [31] , even though the disorder strength is canceling out from the result. Very recently, the same crossed diagrams have been shown to play a key role for the AHE on the surface of topological Kondo insulators [32] , for the Kerr effect in chiral p-wave superconductors [33] , and for the spin Hall effect in the presence of strong impurities [34] .
Indeed, it has been demonstrated in Refs. [30, 31] that the conventional "non-crossing approximation" (NCA) employed in diagrammatic calculation of longitudinal conductivity σ xx is not applicable to AHE. In addition to ladder diagrams with non-crossing impurity lines that describe electron diffusion, the AHE conductivity σ xy requires additional terms that are represented by diagrams with two intersecting impurity lines (the so-called X and Ψ diagrams [30, 31] ). From physics point of view such terms represent an essential part of the full cross section describing skew scattering on pairs of closely positioned impurities. The important role of such rare impurity configurations in the theory of AHE calls for a detailed investigation of the effects of disorder correlations that is the main subject of the present publication.
For two basic microscopic models of AHE [2] the anomalous Hall conductivity σ xy has been shown to depend dramatically on the inclusion of X and Ψ diagrams [30, 31] . More specifically, in 2D Rashba ferromagnet the AHE conductivity does not vanish in the metallic limit solely due to these contributions [31] in sharp contrast to the well-known vanishing NCA result [35, 36] . In the case of massive Dirac fermions, which represent the simplest model featuring the AHE, the X and Ψ diagrams almost cancel out the NCA contribution [30] . In the model with weak white noise disorder the anomalous Hall conductivity σ xy decays as ε given by the NCA [37, 38] .
Given that the AHE is so sensitive to the scattering on rare impurity configurations it is interesting to establish whether and how these results modify for more general disorder models with finite correlation length. Here we extend the analytic approach of Refs. [30, 37] to massive Dirac fermions subject to weak Gaussian disorder with arbitrary pair correlator of the random potential.
As might have been expected our results reveal strong sensitivity of the AHE conductivity to the correlation properties of disorder. In particular, it turns out that strong mutual cancellation of intrinsic and extrinsic contributions for the model of Dirac fermions [30] is the specific feature of uncorrelated disorder. In the opposite limit of smooth disorder, that correspond to smallangle scattering, the intrinsic and extrinsic contributions to σ xy have the same sign. In this case the total Hall conductivity at large energies σ xy ∝ ε −1 F is given by the intrinsic conductivity multiplied by a factor of three. Depending on the functional form of the pair correlator, the AHE conductivity may feature non-monotonic dependence on the correlation length and possess maximal values in crossover region between the above limits of white-noise and smooth disorder.
The paper is organized as follows. In Sec. II, we introduce the model and calculate the disorder-averaged Green's functions. In Sec. III we obtain general expressions for the longitudinal and anomalous Hall conductivities in terms of the angular moments of the disorder correlation function. In Sec. IV these general results are applied to generic limiting cases of white-noise and smooth disorder. Section V illustrates the crossover between the two limits for two specific models of disorder. Section VI contains summary and conclusions. Certain technical details of calculations and complementary information are presented in Appendices A and B.
II. MODEL, DISORDER-AVERAGED GREEN'S FUNCTIONS
A. Model
The model of massive Dirac fermions in two dimensions has been proposed by Haldane [39] as the simplest toy model to illustrate the quantum anomalous Hall effect. The latter arises when the chemical potential is placed in the band gap. In this paper we focus on the metal regime, i. e. on the case of chemical potential situated within the band. In particular we compute both longitudinal and Hall conductivity for the model of massive Dirac fermions in two dimensions that is described by the Hamiltonian
where V (r) denotes a weak correlated Gaussian random potential, σ = (σ x , σ y ) stands for the vector of Pauli matrices, p = (p x , p y ) is the momentum operator, v is the characteristic velocity and m is the bare "mass" of relativistic fermions. The random potential is characterized by a correlator
where the angular brackets denote the averaging over the disorder realizations. In diagrammatic language such a correlator is visualized by a disorder line. Each line corresponds to the propagator 2πα(q) = 2π d 2 r α(r)e −iqr which depends on the transferred momentum q. Throughout the paper we use = 1 and v = 1, hence all momenta are measured in the units of energy.
The model of Eq. (1) is characterized by the broken time-reversal invariance hence it gives rise to a finite Hall response. In condensed matter context the Hamiltonian of the type (1) can be used as an effective model [40] [41] [42] [43] to describe the surface of the 3D topological insulator [24, 44] (see, however, Ref. 45 for the detailed discussion). One may also view the model of Eq. (1) as the single-valley projection of the full Hamiltonian describing graphene/hBN heterostructure [46] . In the latter case, however, the Pauli matrices σ α act in the isospin space while the true time-reversal invariance of the Hamiltonian is preserved. This means that the AHE for the model of Eq. (1) corresponds to the valley Hall effect in graphene/hBN bilayer.
The quantum anomalous Hall effect, studied by Haldane [39] in the model of Eq. (1), is manifestly independent of the disorder potential and is taking place for the chemical potential placed within the band gap. To study transport properties outside the gap one needs to take into account the scattering on impurities both in the longitudinal and in the anomalous Hall conductivity [47] . The missing leading-order terms in the theory of AHE have been discovered by the authors only recently [30] .
In what follows we compute the components of the conductivity tensor to the leading order in α. In order to do so, it is sufficient to know the disorder scattering probability only for the states belonging to the Fermi surface. The spectrum of H 0 consists of two branches ε ± (p) = ± p 2 + m 2 separated by a gap of the size 2|m|. Without loss of generality we assume that the Fermi energy ε belongs to the upper band ε > m > 0 so that p 0 = √ ε 2 − m 2 is the corresponding Fermi momentum. The transferred momentum q = 2p 0 sin(φ/2) is, then, uniquely expressed by the scattering angle φ. With these definitions we express the angle-dependent scattering probability as
α n cos(nφ), (3) where the parameters α n stand for the angular harmonics of the scattering probability. The notation α(φ) is used interchangeably with α(q) below. The particular limit of white-noise disorder, α(r) = αδ(r), which has been investigated in Ref. 30 , corresponds to α n = αδ n,0 , where δ n,m is the Kronecker symbol.
B. Self energy and average Green's functions
The main building block of diagrammatic calculations below is the Green's function averaged over disorder configurations in the Born approximation. The latter is defined by the corresponding self-energy with a logarithmically diverging real part, which is absorbed in the renormalization of energy and mass, and with a finite imaginary part. The latter is set by the difference between the retarded and advanced self-energy
where the Green's functions can be taken in the clean limit. The bare Green's functions [which correspond to the Hamiltonian H 0 in the Eq. (1)] yield
where the presence of delta-function bounds the particle momentum p to the Fermi surface. We only need to know the self-energy for momenta at the Fermi surface, p = p 0 , consequently we find the result
which depends only on the first two harmonics of the disorder correlator.
Using the self energy of Eq. (6) we obtain the averaged Green's function in the form
where we introduce the parameters
with the expression for Γ taken at p = p 0 . This is justified since the imaginary part of the Green's function denominator is relevant only at the mass shell. The singular part of the average Green function comes from the Fermi surface and can be obtained from Eq. (7) via projection on the corresponding spectral branch. For ε > m it is given by
where we introduced the scattering rate 1/τ = Γ| p=p0 /ε and the eigenstate
which corresponds to the momentum (taken at the Fermi surface) pointing out in the direction φ. The scattering rate 1/τ in Eq. (9) is expressed by the Fermi golden rule as
where the square brackets denote the angular averaging
and we introduce the so-called Dirac factor
which reflects the structure of the eigen states. The expressions (4-13) provide the basis for the diagrammatic analysis of the conductivity tensor which we undertake in the next section.
III. CONDUCTIVITY TENSOR FOR CORRELATED WEAK GAUSSIAN DISORDER

A. General remarks
To compute the dc conductivity tensor for the system described by Eqs. (1-3) we employ the Kubo-Streda formula [48] in the limit of zero temperature and for the Fermi energy, ε > m > 0, belonging to the conduction band. In this paper we generalize the formalism developed in Ref. 30 to the case of correlated weak disorder. Unlike Ref. 30 , where the computation has been performed in the real space representation for the case of uncorrelated (white noise) disorder, we use here the momentum representation, which is more appropriate for dealing with correlated disorder.
The Kubo-Streda formula for the conductivity tensor consists of two terms traditionally denoted asσ I and σ II . The first term,σ I , describes the contribution of conduction electrons with momenta at the Fermi surface. The second term accounts for the contribution to the non-diagonal components of the conductivity tensor σ xy = −σ yx that stems from the entire Fermi sea. In particular, the second contribution can be expressed as σ II xy = ec ∂n/∂B| B→0 as the derivative of the total electron concentration n with respect to an external perpendicular magnetic field B taken in the limit B → 0 [48] .
For the Fermi energy inside the spectral gap, |ε| < m, the longitudinal conductivity σ xx vanishes, while the entire Hall conductivity is given by [39, 47, 49] ,
that remains insensitive to a weak disorder. The result of Eq. (14) is often referred to as the quantum anomalous Hall effect. As the Fermi energy is increased above the gap, ε > m, the contribution σ II xy quickly becomes negligible in comparison to the Fermi surface contribution σ I xy . In this case the conductivity tensor is given by
Tr
where G A and G R stand for the exact Green's functions in the presence of disorder. The angular brackets denote the averaging over disorder realizations defined by Eq. (2) . Let us remind that in our units ( = 1 and v = 1) the conductance quantum e 2 /h reads e 2 /2π, while the components of the current operator are given by the Pauli matrices σ x,y . In the following, we compute the conductivity tensor (15) as a function of the angular harmonics α n of the disorder potential correlator given in Eq. (3) to the leading order in the disorder strength. We start in Sec. III B with the longitudinal conductivity σ xx = σ yy = O(α −1 n ) that is proportional to the scattering time τ . The averaging procedure in this case is reduced to the computation of the standard ladder diagrams with non-crossing impurity lines as illustrated in Fig. 1(a) and (e). The dominant contribution to σ xx is determined entirely by the states belonging to the Fermi surface. To perform the calculation in the leading order α −1 n ∝ τ it is sufficient to know only the singular part of the Green's functions of Eq. (9), which is represented by thin lines in Fig. 1 .
The same approximation applied to the anomalous Hall conductivity σ xy returns a vanishing result. This is intuitively clear since the full projection to one of the bands restores the time-reversal symmetry of the model. To obtain a finite result for σ xy one needs to take into account states that lay far from the Fermi surface. As the result, the AHE has a parametric smallness
A part of σ xy comes from non-crossing diagrams in Fig. 1(b) , where, in comparison to Fig. 1(a) , any single pair of the projected Green functions (9) has to be replaced by full Green functions (7) (thick lines in Fig. 1 ) which include contribution of states far away from the Fermi surface. The corresponding part of σ xy is calculated in Sec. III C.
The non-crossing diagrams in Fig. 1 (b) do not exhaust all contributions to the AHE σ xy even in the leading order with respect to the disorder strength. As demonstrated in Ref. 30 , a complete description requires inclusion of additional diagrams in Fig. 1 (c) and (d) which involve a single pair of crossed impurity lines. It is well known that crossing of impurity lines leads to a parametric smallness since the momentum conservation law does not enable bounding of all momenta to the Fermi surface. But in the case of anomalous Hall conductivity one of the momenta needs to be away from the Fermi surface even in the noncrossing diagrams, Fig. 1(b) . As discussed in more details in Refs. [30] [31] [32] [33] , in this situation crossing of impurity lines in Fig. 1 (c) and (d) does not produce any additional smallness with respect to Fig. 1(b) . The corresponding contribution to σ xy is calculated in Sec. III D.
B. Longitudinal conductivity
The longitudinal conductivity σ xx in the leading order in α n is given by the sum of ladder diagrams illustrated in Fig. 1(a) . The result can be written as (9) projected to the Fermi surface, while thick solid lines correspond to full disorderaveraged Green's functions (7) . Vertex correction (e) involves the sum of ladder diagrams with projected Green functions G+ only.
whereσ x represents the current operator, dressed by the impurity ladder as shown in Fig. 1(e) . In what follows we often do not specify the integration limits explicitly since they are always the same as in Eq. (16) .
As have been already mentioned, the calculation of the longitudinal conductivity to the leading order in disorder strength can be preformed entirely with projected Green's functions given by Eq. (9). This is not the case for the AHE as will be explained in the next subsection.
Let us first compute the matrix element φ|σ x |φ , which represents the disorder-dressed current vertex. The projected bare current operator reads
where the ratio p 0 /ε is the Fermi velocity. This matrix element is transformed as
p dp dφ 2π
after dressing by a single impurity line. Summing up the entire ladder results in the fully dressed projected current,
that defines the transport scattering rate
which depends on the first three harmonics of the random potential. We shall remind here that the scattering time τ is the average time between two scattering events, while the transport time τ tr is the characteristic time of momentum relaxation. In the limit of very smooth disorder, when α n is a slow function of n, the transport time may exceed the scattering time by orders of magnitude since the small angle scattering dominates. It is instructive to define the following object
p dp 2π |φ cos φ φ|
which is obtained by adding one extra pair of Green's functions to the dressed current (19) and integration over the absolute value of the momentum. The result of Eq. (21) helps evaluating Eq. (16) as
that provides the final result for the longitudinal conduc-
n ) in the leading order with respect to the disorder strength, i. e. in the so-called Drude approximation.
C. Hall conductivity: Contributions of non-crossing diagrams
Replacing full two-band Green's functions with the projected ones G R,A + (p) in the expression for σ xx provides the correct result for σ xx in the order O(α −1 n ), which is the leading order for the longitudinal conductivity. The same procedure [corresponding to diagrams in Fig. 1(a) and (e)], gives, however, a vanishing result for σ xy , since the projected Green's function does not contain information on the time-reversal symmetry breaking in the model. As the result the AHE is sub-leading with respect to σ xx , which is generally the case for a metal with vanishing single-impurity skew-scattering (i. e. for spinindependent disorder). For the AHE virtual processes involving states that are far away from the Fermi surface become important. To get the NCA part of the leading order result for σ xy one should simply replace the projected Green's function (9) with the full Green's function (7) exactly once in each possible place in each of the ladder diagrams and sum up the results [38, 50] . This yields the NCA diagrams illustrated in Fig. 1(b) , where both dressed vertices are still calculated on the mass shell using projected Green's functions G R,A + (p), see Fig. 1(e) , while thick lines denote the full Green's functions G R,A (p) given by Eq. (7) . Note that in fact it is sufficient to keep a single unprojected Green's function in either upper (retarded) or lower (advanced) part of the diagram in Fig. 1(b) and then sum up the results. The diagrams in Fig. 1(b) with two full Green's functions is just a convenient way to collect the off-shell contributions from both retarded and advanced sectors.
The sum of NCA diagrams shown in Figure 1 (b) gives rise to the leading-order contribution to the AHE conductivity
which is calculated below. Another contribution to σ xy , which correspond to the diagrams in Fig. 1 (c) and (d) not included in the NCA, is, however, of the same order. We postpone its analysis to the next sub-section. It is convenient to start the computation of σ nc xy of Eq. (23) with the evaluation of the dressed current verticesσ x,y using projected Green's functions. These matrix vertices are given bȳ
that are readily reconstructed from Eqs. (19) (20) (21) . Explicit calculation of the integrals in Eq. (24) gives rise to the following results
where the transport time is given by Eq. (20) . Performing the remaining integrations in Eq. (23) we obtain the final result for the NCA contribution to the anomalous Hall conductivity,
that generalizes the NCA contribution obtained in Ref. 37 for the limit of uncorrelated (white noise) disorder, α n = αδ n,0 , which is discussed in Sec. IV A in more detail. The set of diagrams in Fig. 1b 
that is manifestly independent of disorder parameters α n . Note that the value of σ int xy at ε = m matches the value of σ II xy = −e 2 /4π in the gap |ε| < m given by the Fermi sea contribution (14) . The intrinsic conductivity (28) can be measured independently at a finite frequency τ −1 tr ω m, ε that is sufficiently large to exceed the relevant disorder scattering rates. In such a high-frequency limit extrinsic contributions, which are sensitive to disorder, become parametrically small.
The extrinsic part of σ nc xy is given by the difference between the results of Eqs. (27) and (28), σ ext-nc xy = σ nc xy − σ int xy -the auxiliary quantity that cannot, however, be measured in any experiment as the matter of principle. In the next subsection we consider the remaining extrinsic contributions given by X and Ψ diagrams beyond the NCA, which have to be added to σ nc xy to obtain the complete expression for σ xy in the leading zeroth order with respect to the disorder strength.
D. Hall conductivity: Contributions of X and Ψ diagrams
From technical point of view, the X and Ψ diagrams depicted in Fig. 1(c) and (d) consist of two dressed vertices (21), two crossed impurity lines, and two Green's functions. These diagrams correspond to the following two contributions to the AHE conductivity
where we use the short-hand notations
The structure of the integrals is such that momenta p 1 and p 2 are bound to the Fermi surface, while the momenta p 3 and p 4 span the entire momentum space.
From physics point of view the contribution of X and Ψ diagrams take into account an essential part of the full scattering cross-section on a pair of closely located impurities [30] . It will be clear from the analysis of the integrals that the characteristic distance between these impurities is of the order of the Fermi wavelength, hence such a pair represents a rare impurity fluctuation. Nevertheless the contribution to the skew-scattering from such a fluctuation is so large that is has to be taken into account in the leading order with respect to the disorder strength. Only part of this cross-section has been included in the NCA result σ ext-nc xy . One cannot, however, think of an experiment that may differentiate between these two parts of the full scattering cross-section [30, 31] 
where we use the same short-handed notations as in Eqs. (29) .
In order to compute the integrals in Eqs. (30) to the leading (zeroth) order in disorder strength it is legitimate [30] to neglect self-energy in the Green's functions G 3 and G 4 by replacing them with the corresponding bare Green's functions
where there is no distinction between retarded and advanced numerators. At the next step we can use the following identity
and the closely related identity
in order to reorganize the integrals in Eq. (30) . The identities of Eqs. (33,34) used in Eq. (30) bounds one of the momenta p 3 or p 4 to the Fermi surface. Applying the transformation p 1 ↔ p 2 and p 3 ↔ p 4 to the second term we fix the absolute value p 3 = p 0 , while the integration over p 4 is removed due to the momentumconserving delta function. In this way we obtain
where all integrals are now bound to the Fermi surface, hence the results are expressed entirely via the harmonics of disorder correlation function defined in Eq. (3). The traces in Eqs. (35) are readily computed using Eq. (21) and the identities
where we defined N i = 2ε|φ i φ i |.
For the X diagram we further symmetrize the integrand with respect to the replacement φ 1 ↔ φ 2 and put φ 3 = 0 since only relative angles matter. This gives
or, more explicitly,
where we have used Eq. (10). In terms of angular harmonics the result of Eq. (38) reads
where only three first harmonics contribute. The computation of Ψ diagram is slightly more involved. First, we symmetrize Eq. (35b) with respect to φ 2 ↔ φ 3 and let φ 1 = 0. As the result we obtain the expression
that can be rewritten with the help of Eq. (10) as
where all harmonics of the disorder correlation function play a role in contrast to the other contributions. Indeed, the expression of Eq. (41) can be cast in the following form
with the help of angular integrations in Eq. (41) that are relegated to Appendix A. It is easy to see from the result of Eq. (42) that the contribution of the Ψ diagram is zero in the case of isotropic disorder α n = αδ n,0 as has been found also in Ref. 30 . For the contribution to be finite one needs to have at least two adjacent scattering harmonics which are both non zero.
It is instructive to combine the contributions of X and Ψ diagrams, σ X+Ψ xy ≡ σ X xy + σ Ψ xy , since the result has a particularly simple form
which is readily evaluated for different disorder models.
E. General result for the AHE
Before considering specific examples of disorder potentials we shall summarize the final results for the anomalous Hall conductivity σ xy in the leading (zeroth) order in disorder strength.
In the insulating gap region |ε| < m, the anomalous Hall conductivity is given by the Fermi sea intrinsic contribution σ II xy = −e 2 /4π of Eq. (14) [39] .
In the metallic regime ε > m, the contribution of σ 
where the contribution of the non-crossing ladder diagrams in Fig. 1(b) is given by Eq. (27) , while the combined contribution of X and Ψ diagrams in Figs 
where σ On the other hand, the side-jump and skew-scattering contributions appear naturally if one performs the calculations in the eigen basis of the clean Hamiltonian or constructs a generalized Boltzmann equation approach that refers to the eigen basis of the clean Hamiltonian [37, 38, 50] . In Appendix B we provide separate expressions for the side-jump and skew-scattering parts of σ ext-nc xy . Within this classification, X and Ψ diagrams represent a part of skew-scattering contribution on the pairs of closely positioned impurities, which is not captured within the NCA and was overlooked in studies of the AHE preceding Refs. 30,31.
IV. LIMITING CASES A. White noise disorder
To the best of our knowledge all previous calculations of the anomalous Hall conductivity in metals have been focused on the case of uncorrelated (white-noise) disorder, α(r) ∝ δ(r), which corresponds to an isotropic correlator α(φ) = const. In particular, for massive Dirac fermions the corresponding result for the NCA contribution σ 
which is manifestly independent of the white-noise disorder strength α 0 and decays as m/ε for ε m. The additional contribution of the crossed X and Ψ diagrams defined by Eq. (43) reads
in agreement with Ref. 30 . Note that this contribution is similarly independent of α 0 and decays as m/ε. One can also see that σ X+Ψ xy and σ nc xy have opposite signs leading to a reduced value [30] of the total σ xy with respect to the NCA result [37] . Indeed, the total Hall conductivity σ white noise xy
demonstrates a much faster decay (m/ε) 3 in the metal limit ε m. We will see that such an essential cancellation of the AHE at large energies is a special property of the white-noise disorder.
The anomalous Hall conductivity of Eq. (48) is illustrated in Fig. 2 for the case of short-range white-noise disorder, α(φ) = α 0 , by red (lowest solid) line. The intrinsic contribution σ The monotonous decay of σ xy with energy ε, as well as the cancellation of the leading terms ∝ m/ε between intrinsic and extrinsic contributions at high energies, are not generic features of a weakly disordered system, but rather a specific property of the short range white-noise disorder corresponding to isotropic correlator α(φ) = α 0 . Despite σ xy is insensitive to the overall strength of a (weak) disorder, i.e., it does not change when all harmonics α n are simultaneously multiplied by an arbitrary numerical factor, it turns out to be very sensitive to the correlation properties of disorder in general, i. e. to the relative magnitude of the angular harmonics α n . This interesting property is not at all limited to the model of massive Dirac fermions considered in the present paper, but extends to any metal system where the AHE conductivity is sub-leading (with respect to disorder strength) as compared to the longitudinal one.
B. Smooth disorder
The limit of smooth disorder is characterized by small angle scattering with the function α(φ) peaked around 
where the parameter a represents the forward scattering probability, while the parameter b is the diffusion coefficient in the space of momentum angles (we remind that the absolute value of the momentum is pinned to the Fermi surface). One observes immediately that the forward-scattering parameter a does enter neither the diagonal nor anomalous Hall conductivity. Indeed, the transport rate of Eq. (20) , which defines σ xx in Eq. (22), and both the NCA (27) and the crossed (43) contributions to the Hall conductivity in Eq. (44) depend only on the angular harmonics differences β n = α n − α n−1 with n ≥ 1. Consequently, the forward scattering parameter a is manifestly canceling out from all transport quantities. We stress, however, that the forward scattering enters explicitly to the quantum scattering rate τ −1 = π(a ε − b p 2 0 /ε) as is readily seen from Eq. (11). This rate describes the decay of a given quantum state which remains finite even in the limit b → 0.
From Eqs. (20) (21) (22) we obtain the longitudinal conductivity σ xx ∝ τ tr = 1/2πεb, which is inversely proportional to the diffusion parameter b. In contrast, the Hall conductivity σ xy = O(α 0 n ) is again a function of ε/m only and does not depend explicitly on disorder strength. Upon substitution of Eq.(49b) into Eq. (27), we obtain the NCA contribution in the form
which is notably different from the corresponding result (46) in the case of white-noise disorder.
It is interesting to note that the contributions of X and Ψ diagrams diverge separately as 1/b in the limit b → 0, while their combined result is always finite. Summing up Eqs. (38) and (41) we obtain
where both angles φ and φ are close to zero due to the peaked character of α(φ). Consequently it is legitimate to expand the trigonometric functions in the integrand. Using the definition of Eq. (49b) we obtain the result
which has to be added to that of Eq. (50) to obtain the total Hall conductivity (44) in the case of smooth disorder (49b). The result is given by
which behaves very differently from the AHE conductivity in the case of while-noise disorder as illustrated in Fig. 2 . Indeed, unlike in the case of white-noise disorder, the X and Ψ diagrams in the case of long-range disorder enhance the total Hall conductivity. The resulting σ xy acquires a non-monotonic dependence on the Fermi energy ε, which is a signature of long-range correlated disorder potential. The result exceeds both the intrinsic contribution (dashed line in Fig. 2 ) and the white-noise AHE conductivity [red (lowest solid) line] in the whole range of energies above the gap, ε > m. For ε m, the anomalous Hall conductivity is given by σ xy ≈ −(e 2 /2π)(3m/2ε) such that σ xy = 3σ int xy is three times larger than the intrinsic contribution, and 3/2 times larger than the non-crossing result. Expressions for individual intrinsic, side-jump, and skew-scattering contributions to Eq. (53) are given in the Appendix B.
Before concluding the section we show how to obtain the result Eq. (52) directly from the general formula Eq. (43) . Substituting the values of α n from Eq. (49b) we obtain
The sum here is formally divergent but can be nevertheless computed using the identity
where ζ(k, p) is the Hurwitz zeta function. While the left-hand side of Eq. (54) converges only provided k > 0, its right-hand side can be analytically continued to all complex k. At the point k = −2 it takes the value −3/2 and the result Eq. (52) is reproduced. After considering two universal limits of an infinitely short-range and a very long-range disorder, in next section we apply the general results obtained in Sec. III to two specific disorder models which illustrate possible evolutions of the anomalous Hall conductivity in the region between the above limiting cases.
V. CROSSOVER FROM WHITE NOISE TO SMOOTH DISORDER
A. Mixed disorder model
The mixed disorder model combines short-range impurities and smooth potential variations. It is characterized by the following harmonics
where the parameter a is again responsible for forward scattering, u characterizes the disorder strength, while the parameter w controls the balance between short and long range impurities. From Eqs. (20) (21) (22) we obtain the longitudinal conductivity
As before, the probability of forward scattering, represented by the parameter a, does not affect the transport properties. Substituting α n from Eq. (55) into the general expression of Eq. (27) we obtain
which represents the NCA contribution to the anomalous Hall conductivity for the mixed disorder model. Similarly, from Eq. (43) we obtain
which represents the contributions of X and Ψ diagrams in the model of Eq. (55). The sum of Eq. (57) and (58) gives rise to the total anomalous Hall conductivity of the form
that is illustrated in Fig. 3 for different a given ε/m, so that the smooth disorder limit, w = 1, corresponds to the largest Hall conductivity as illustrated in Fig. 3 . This property is, however, not universal as we will see in the next Subsection.
In the metallic limit ε m, the Hall conductivity is
This equation provides a convenient tool to determine the parameter w from experimental data. It is also remarkable that even a small amount of smooth disorder w > 0 significantly enhances the AHE in the metallic limit changing σ xy from ∝ ε −3 to ∝ ε −1 .
B. Gaussian correlation function
In this Subsection we propose a particular singlecomponent disorder model that gives rise to a nonmonotonous behavior of the anomalous Hall conductivity in the crossover from short-range to smooth disorder. Specifically, we assume a Gaussian correlation function
where c is the disorder correlation length. Upon projecting on to the Fermi surface, the angular scattering amplitude and its harmonics are given by
where the parameter ξ interpolates between the whitenoise (ξ = 0) and smooth (ξ 1) disorder limits as the energy ε is increased. In the case ξ 1 (which inevitably occurs at large enough ε, since any disorder is smooth on the scale of vanishing Fermi wave length) one may also approximate α(φ) ∝ e −ξφ 2 /2 for the relevant scattering angles φ ξ −1/2
1.
The angular moments of the scattering cross section (62) are given by the modified Bessel functions of the first kind I n (ξ). The diagonal conductivity σ xx in the leading order with respect to disorder strength is readily found from Eqs. (20) (21) (22) as
where the argument ξ of the Bessel functions is omitted for brevity. The infinite series in the expression of Eq. (42) for the Ψ diagram is summed up to the result , which does not depend on η, is illustrated in Fig. 4 for different values of the correlation length c. It is seen that the energy dependence of σ xy is in general non-monotonic. In particular, the analysis of the complete expression for σ
Gauss xy
shows that the anomalous Hall conductivity reaches its maximum value σ yx 0.98 e 2 /2π for mc 1.3 and ε/m 1.8. Similar to the case of the mixed disorder model (55), the results for the Gaussian model reproduce Eq. (48) in the white-noise limit c = 0, see the lowest (red) curve in Fig. 4 . For any finite correlation length c > 0, disorder eventually becomes long-range with increasing energy since the Fermi wave length decreases. Hence the Hall conductivity attains its smooth disorder limit Eq. (53) at ε max{c −1 , m}. Contrary to the mixed disorder model, the asymptotic value of σ xy at large energies is approached either from above or from below depending on the dimensionless parameter mc. Indeed, the series expansion of σ xy yields
where we have omitted the high-order terms starting from (m/ε) 5 and assumed εc 1. The result of Eq. (65) indicates that the crossover dependence on c interpolating between short-range and smooth limits is manifestly non-monotonic.
We conclude that enhanced probability of scattering on small angles for both mixed and Gaussian disorder models (i) makes the dependence of σ xy on the energy nonmonotonic, and (ii) yields a parametrically larger value of Hall conductivity σ xy ∝ m/ε for large energies ε m as compared to the white noise limit, σ xy ∝ (m/ε) 3 [30] . 
VI. SUMMARY AND CONCLUSIONS
Despite a long history of the AHE the effect of disorder correlation on the anomalous Hall conductivity did not receive much attention. It has been demonstrated in several previous works that the anomalous Hall conductivity is very sensitive to rare impurity configurations when two impurities appear on a distance of the of order of the Fermi wave length from each other. The skewscattering on such rare impurity complexes is greatly enhanced resulting in a non-vanishing leading order contribution to the Hall conductivity. This physical picture suggests that, quite generally, the disorder correlations must influence the AHE to a great extent. In this paper we demonstrate by the direct computation that the anomalous Hall conductivity in the model of massive Dirac fermions is indeed highly sensitive to the shape of the disorder correlation function, despite it does not depend on the integral disorder strength. Thus, the AHE can be used to characterize the presence of long-range disorder correlations in some sufficiently clean systems.
The general results for longitudinal and Hall conductivity for arbitrary correlated disorder are presented in Eqs. (22, 27, 43, 44) . The particular limits of Hall conductivity for the white noise and smooth disorder are given by Eqs. (48, 53) . The corresponding results for two interpolating models of mixed and Gaussian-correlated disorder are illustrated in Figs. 3 and 4 .
To evaluate the angular integral in Eq. (41) we use the Fourier representation for the correlator α(φ)
where we introduced the harmonics
which can be explicitly evaluated. With the help of new variables φ ± = (φ ± φ )/2 we write
where the integration over φ + can be straightforwardly performed. The result is given by
where δ l,k is the Kronecker delta. We observe that all factors in the cosine arguments are odd multiples of φ − . This allows us to use the following identity (for n ≥ 0)
in order to remove cos φ − from the denominator. Once the denominator is removed, the integration over φ − yields the expression
which is to be substituted into the Fourier expansion of Eq. (A1). As the result we obtain F = 8π 2 (α 0 α 1 − 2α 1 α 2 + 2α 2 α 3 − 2α 3 α 4 + . . .) , (A5) that reproduces the expression of Eq. (42).
Appendix B: Separation of Eq. (27) into intrinsic, side-jump, an skew-scattering contributions
As mentioned in Sec. III C the ladder diagrams in Fig. 1(b) involve both intrinsic and extrinsic contributions to σ xy . The latter can be further divided into sidejump and skew-scattering contributions, which appear naturally if one performs calculations in the eigen basis of the clean Hamiltonian or within a generalized Boltzmann equation approach [37, 38] . For completeness here we provide separate expressions for the side-jump and skew-scattering parts of σ ext-nc xy for the case of correlated disorder. For a more detailed discussion of their physical meaning, we refer the reader to Refs. [37, 38, 50] .
Intrinsic contribution. The set of diagrams in Fig. 1 (b) contains a single diagram which does not involve any impurity scattering (neither the impurity lines dressing the current vertex nor the disorder-induced self-energy in the involved Green's functions). In the eigen basis of the clean Hamiltonian, the current (velocity) operator contains non-diagonal matrix elements. The intrinsic contribution in this basis results from a bare conductivity bubble containing two non-diagonal current vertices connected by one on-shell and one off-shell clean Green's functions [37] . These diagrams produce σ int xy = −e 2 m/4πε, see Eq. (28). Side-jump contribution. The diagrams in Fig. 1(b) , which involve exactly one (either left or right) nondiagonal current vertex in the eigen basis of the clean Hamiltonian, contribute to the side-jump part of σ xy 
that is again defined by the three first harmonics of the correlation function. The single off-shell Green's function in such diagrams connects the non-diagonal vertex to the closest impurity line which can be either a part of the selfenergy or of the vertex correction. Both the intrinsic and the side-jump parts of σ xy are fully captured within the NCA.
Skew-scattering contribution. The NCA part of the skew-scattering contributions to the anomalous Hall conductivity 
is obtained from those diagrams in Fig. 1(b) that do not involve the non-diagonal vertices. In such diagrams, the off-shell Green's function connects two impurity lines (both of them can be parts of either the self-energy or the vertex correction). Since the off-shell Green's function decays fast in the real space, the characteristic distance between the corresponding scattering events is rather small (of the order of the Fermi wave length). Therefore, such two impurities should be treated as a single quantum object. The corresponding skew-scattering cross section involves quantum interference terms beyond the NCA. These interference terms are represented by X and Ψ diagrams in Fig. 1(c) and (d) which thus provide an inherent part of the skew-scattering cross section on pairs of close impurities.
Altogether the contributions of Eqs. (28), (B1), and (B2) combine into the total NCA contribution σ nc xy , which is given by Eq. (27) . On the other hand the sum σ gives the total skew-scattering contribution including the quantum interference terms σ X+Ψ xy that are omitted in the NCA. Using the above expressions one readily obtains the side-jump and skew-scattering parts of σ xy for arbitrary α(φ). In the limit of short-range disorder, α(φ) = α 0 , the equations above reduce to the results given in Refs. 37 and 30. In the opposite limit of ultimately long-range disorder, considered in Sec. IV B, one arrives to the expressions which indicate that the NCA part of the skew scattering term vanishes in the limit of smooth disorder. The skew scattering is finite only due to the crossed diagrams and equals to the side jump term. At large energies, ε m, the anomalous Hall conductivity scales as σ xy ≈ −(e 2 /2π)(3m/2ε). In this limit, σ xy = 3σ int xy is given by the sum of intrinsic, side-jump, and skew scattering contributions that are all equal to each other.
